In 1992 Gyárfás showed that a graph G having only k odd cycle lengths is (2k + 1)-colourable, if it does not contain a K 2k+2 . In this paper, we will present the results for graphs containing only odd cycles of length 2m − 1 and 2m + 1 as done in [S. Matos Camacho, Colourings of graph with prescribed cycle lengths, diploma thesis, TU Bergakademie Freiberg, 2006. [3]]. We will show that these graphs are 4-colourable.
Preliminaries
We consider finite and simple graphs only. For terminology and notation not defined here we refer the reader to [5] . Definition 1. Let G be a graph. We define by C o (G) the set of odd cycle lengths in G, i.e., With this notation we know for a bipartite graph G that |C o (G)| = 0. Bollobás and Erdös asked [1] how large can the chromatic number χ(G) of G be if |C o (G)| = k. They conjectured that |C o (G)| = k implies χ(G) = 2k + 2 and this is best possible if G = K 2k+2 . In [2] Gyárfás showed the following theorem, which implies a proof of this conjecture.
Theorem 1. If G is a 2-connected graph with δ(G)
With this information we can easily find an upper bound for the chromatic number of such graphs.
Corollary 1.
The chromatic number of a graph G with |C o (G)| = k ≥ 1 is at most 2k + 1, unless some block of G being a K 2k+2 . If there exists such a block then χ(G) = 2k + 2.
Results
For a given set C o (G) it may be possible to improve the upper bound for the chromatic number. If |C o (G)| = 1 then Corollary 1 provides the following one.
Corollary 2. Let
In [4] the chromatic number of graphs with C o (G) = {3, 5} was characterized. 
Theorem 2. Let
and G contains one of the edges
2. There are no vertex-disjoint odd cycles of different lengths.
Any two cycles of length 2m + 1 have at least two common vertices.
Proof. Since C o (G) has only two disjoint odd cycle lengths, there cannot be any diagonal in a C 2m−1 . Otherwise, there would be another odd cycle of length less than 2m − 1, a contradiction.
1. It is easy to see that we need at least two distinct paths from C 1 to C 2 in order to guarantee the 2-connectedness of G. First suppose that C 1 and C 2 are connected by two vertex-disjoint edges. Assume x 1 y 1 ∈ E(G) and w.l.o.g. let
Then we have 4 other cycles than C 1 and C 2 :
(a) C a :
For each case we can find the following estimations:
From the cycle length of C b we get that i and j must both be even or odd, otherwise we get a contradiction to 2m + 1 being the longest odd cycle length. But in C d this would lead to an odd cycle length greater than 2m + 1 apart from the case i = j, where C c and C d have length 2m + 1.
Next suppose that C 1 and C 2 are connected by two paths P(x 1 , y 1 ) and P(x i , y j ) with |V(P(x 1 , y 1 ))| + |V(P(x i , y j ))| ≥ 5, P(x, y) being a path from x to y in G, then the lengths of the analogue defined cycles C a , . . . , C d would increase at least by 1.
One can easily prove that we get an odd cycle in C b or C d longer than 2m + 1, again a contradiction.
2. The procedure can be easily converted into this situation with one difference. Let C 2 = y 1 y 2 . . . y 2m y 2m+1 , then the second edge from C 2m−1 to C 2m+1 is
So we get the following lengths
Applying the conclusion of 1 we see that
• if i and j are of different parity, then C b will be an odd cycle of length greater than 2m + 1, a contradiction.
• Since (i − j) = −(j − i), if i and j are of same parity, then either C c or C d have odd length greater than 2m + 1, a contradiction.
With the last statement of 1 we finally conclude the assertion.
3
= y 1 , we can construct analogue cycles with x 1 instead of edge x 1 y 1 . Then we will find out that either C b or one of C c and C d is of odd lengths greater than 2m + 1 or shorter than 2m − 1, a contradiction.
We see that two (2m + 1)-cycles have to share at least two vertices, two odd cycles of distinct length at least one. Furthermore the appearance of two disjoint (2m − 1)-cycles is very restricted, too.
Let us denote an arbitrarily cycle of length 2m + 1 by C *
Definition 2. Let
This notation leads to an interesting observation.
Corollary 4. G is bipartite.
Starting with this special cycle, we can now colour the whole graph. 2. Using the following Lemma 7 we can find a proper 2-colouring C of G , where x or y has a monochromatic neighbourhood in G .
Then there exist vertices x, y ∈ V(C *
2m+1 ) with
Corollary 5. Every graph G with
Proof. Theorem 3 shows the 4-colourability for 2-connected graphs with minimum degree at least δ(G) ≥ 3. It can easily be extended to graphs with smaller connectivity, since non-2-connected graphs can be decomposed into 2-connected parts, and the colourings of those can be easily extended to proper colouring of the whole graph.
If there are vertices with degree smaller than three, then we can iteratively delete them in G and after colouring the remaining graph applying Theorem 3, we can colour these vertices with one of the four colours, since every vertex has at most 2 already coloured neighbours.
We will now show how to construct the requested 2-colouring of G in Theorem 3. 
there is no path in G connecting P(x 1 , x 2k ) and y. In particular y is not adjacent to any
Proof. The given path can only have length 2(m − 1), otherwise the occurring cycle C = xx 1 P(x 1 , x 2k )x 2k x would be a C 2m+1 , a contradiction to Lemma 3, or an odd cycle with length different from 2m − 1 or 2m + 1, in contradiction with the conditions. Assume there exists an edge yx i in G , then we can construct two cycles
If i is odd, then we have an odd cycle C 1 , if i is even, then C 2 is odd. Both odd cycles would be longer than 2m+1, a contradiction.
If there is no edge, but a path in G , connecting y and P(x 1 , x 2(m−1) ), we can reuse both cycles to conclude. Proof. Assuming we cannot find a proper 2-colouring of G , such that x ∈ V(C * 2m+1 ) has only monochromatic neighbours in G , there have to be two neighbours of x, say y 1 and y 2k , being connected by a path P(y 1 , y 2k ) of order 2k in G , because recolouring of one of these vertices means changing the colour of the other, too.
Lets take this path. We have an odd cycle C x = xP(y 1 , y 2k ). Assume its length is 2m + 1, then we have a contradiction to Lemma 3. So its length has to be 2m − 1 and 2k, giving the length of the connecting path, has to be equal to 2(m − 1), as stated in Lemma 6.
Assume there is no colouring C of G , so that the right and the left neighbours x r and x l of x on C * the C * 2m+1 odd cycles of lengths not equal to 2m − 1 or 2m + 1. The path of even order could also not be of length 2m − 2, for applying Lemma 6 leads to a C 2m−1 and a C 2m+1 sharing no vertex, a contradiction to Lemma 3.
Assume we can find such a y and a (2m − 4)-path. Then we can construct a C 2m−1 being connected with C x by the edges x r x and xx l . Because of the 2-connectedness of G, we need at least a second connection. This cannot be realized by a path in G , due to Lemma 6 again, but also not by a path using vertices of C
